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Abstract
This paper presents the Lagrangean Relaxation parallel method applied to the optimal commitment of
generating units in a Hydroelectric System. The model is implemented on a cluster built upon low cost
readily available personal computers. It also introduces the algorithms applied in the above mentioned
platform. The results obtained in terms of “Speed Up” for a sample problem of rather important dimensions,
indicate the validity of the proposal.
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1 Introduction
The Lagrangean Relaxation (LR) [14,15,7,12,9] is a technique which uses concepts
of the Dual Theory to deal, in a special way, with the set of constraints of a problem.
The constraints considered complex are transferred to the objective function which
is assessed through especial penalty parameters called Lagrange Multipliers. Thus
the primal problem is transformed into a relaxed problem, where the structure of
the resulting constraints generates sub-problems which can be solved with greater
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ease than the primal one. In [14,15,7] an exact algorithm is proposed for the TSP
(Traveling Salesman Problem) using which promising results were obtained. Later
on, the technique was successfully used for solving other combinatorial optimization
problems [8,17,2].
The LR technique is also used with multiple variable functions which can be
maximized or minimized given certain constraints. Also can be used for hydrother-
mal coordination, optimizing operations, etc. [11,2].
The problem of optimizing the commitment of Generating Units in a Hydro-
electric System [1,2], is of great interest especially in the context of economics. It
is concerned with the proper programming of the Generating Units, in such a way
as to minimize costs linked to generation losses as well as start up and shut down
costs of said units [1,2]. This problem can be solved using a heuristic procedure
based on Lagrangean Relaxation and Dynamic Programming, as proposed in [1].
The solution process by Lagrangean Relaxation, is done in two levels deﬁned by
de dual and primal problems which requires signiﬁcant time processing, according
to the size of the problem. This aspect of solution method based on Lagrangean
Relaxation justiﬁes the technique application study of parallel processing, subject
of this work [11,3].
This article deals the subject topic presented in the following way: in Section 2
a brief review of the lagrangean relaxation method is introduced, in Section 3, the
optimal commitment of generating Units in a Hydroelectric System is discussed, in
Section 4 the lagrangean relaxation Parallel Method is proposed, and in Section 5
the experimental results are presented, so as to introduce the concluding remarks
reached in the process of the research, in Section 6.
2 Lagrangean Relaxation
Lagrangean Relaxation, as mentioned in [14,15] was used in the implementation of
an exact algorithm for TSP, later on it was successfully employed for solving other
problems. As stated in [7,12,9], LR was established as a powerful tool. In [13,23,28],
detailed information can be found on the LR technique as well as a rich variety of
additional references.
Summarizing, LR is a technique which uses concepts from the Duality Theory
[18,27] to deal in especial way with a set of constraints of a given problem. The
constraints considered complex are transferred to the objective function which is
assessed through especial penalty parameters called Lagrangean Multipliers. Thus
a primal problem is transformed into a relaxed problem, where the structure of
resulting constraints, in general, generates sub-problems which can be solved with
greater ease than the primal problem.
Consider the optimization problem P , in this case called Primal problem, which
is described in [28] as:
min f(X)(1)
Subject to:
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hk(X) = ek, k = 1, 2, ...,m(2)
gj(X) ≤ bj , j = 1, 2, ..., p(3)
x ∈ X(4)
Where functions f(X), gj(X) y hk(X) can be arbitrarily non linear or non convex
[5]. The feasible region of the problem is bound by the constraints (2), (3) and the
others which include integrality and non negative constraints, here represented by
the set X. It is assumed that the problem would be easily solved in the absence of
constraints (2).
Lagrangean Relaxation relaxes constraints hk(X) = ek, moving them to the ob-
jective function with its corresponding multipliers uk, k = 1, 2, ...,m, which results
in function [5,18,28]:
L(X,u) = f(X) +
m∑
k=1
uk(ek − hk(X))(5)
Where u = (u1, u2, ..., um)
T and u1, u2, ..., um are designated as Lagrange Mul-
tipliers (Dual Variables).
It can be observed that if a relaxed constraint j is type “ ≥ ” , then the Lagrange
Multiplier is uk ≥ 0. To equality constraints unrestricted Lagrange Multipliers are
linked [28].
The Dual function is deﬁned as:
Θ(u) = minXL(X,u)(6)
Subject to:
gj(X) ≤ bj , j = 1, 2, ..., p(7)
The expression (6) is called lagrangean sub-problem. The Dual function is ob-
tained minimizing the lagrangean function subject to constraints (3) and (4). Then
Dual function of the problem is formulated as [28]:
max Θ(u)(8)
Subject to:
uk ∈ Rm(9)
where
Θ(u) = min{f(X) +
m∑
k=1
uk(ek − hk(X))}(10)
3 The Optimal Commitment of Generating Units of a
Hydroelectric System
The optimal commitment of generating units of a hydroelectric system [1] can adopt
as performance criterion a model which assesses the losses in the generation system
and also the cost connected to start ups and shut downs of the generating units.
The formulation of the unit commitment problem is characterized as a mixed integer
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problem and therefore non convex [1]. Additionally to the previously mentioned
features non linearity and the huge size of the problem makes it more diﬃcult to
achieve an optimal solution [1].
To solve this problem a heuristic methodology is proposed in [1], which de-
composes the problem into two sub-problems: The commitment of the generating
units (CU), which determines the conﬁguration of generating hydroelectric units
in operation in each one of the power plants during each time interval [2]; and
the one which corresponds to Commitment of Generation (CG) which determines
the optimal generation commitment for a conﬁguration of generating units in a
given operation. Both sub-problems can be solved in an iterative way until a global
solution for the system is obtained. Fig. 1 presents this line of reasoning.
Fig. 1. Diagram of Heuristic Methodology for solving the optimal commitment problem [1]
3.1 The Commitment Generation Problem
The sub-problem CG of hydroelectric generating units can be formulated as a spe-
ciﬁc case of the hydroelectric generation problem, for which the number of gener-
ating units in operation is already established through sub-problem CU. Thus, the
mathematical formulation for the previously mentioned sub-problem is:
min
T∑
t=1
N∑
i=1
{cp.fi(n∗ti , pti)}(11)
Subject to:
N∑
i=1
pti = d
t ∀t(12)
T∑
t=1
pti = T.mi ∀i(13)
pmini (n
∗t
i ) ≤ pti ≤ pmaxi (n∗ti )(14)
where: T is the number of time interval;
N is the number of hydroelectric power plants;
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fi(p
t
i, n
∗t
i ) is the function of losses in the power plant i [MW], which depends on
the number of generating units n and the power generated p during time interval t;
mi is the power target of the hydroelectric power plant i [MWaverage];
dt is the load of the system during a time interval t [MW];
n∗ti is the number of generating units in operation in power plant i during time
interval t ;
cp cost of losses connected to the generation system;
pti power generated in power plant during time t ;
pmini (.), p
max
i (.) minimum and maximum power, respectively, linked to n generating
units committed in power plant i , during time t;
This problem involves continuous variables and can be solved through a La-
grangean Relaxation method [19,4,20,5]. Observing equations (11) to (14) it can
be pointed out that the objective function is formed by the summation of losses
functions linked to the generation of each power plant and for each time interval t.
These functions are convex, represented by degree two polynomials.
The relationship between the equations (1) to (10), and those presented in sec-
tion 2, can be established trough expressions (11) to (14), considering that
X = pti = [p(i, t)]N×T ; i = 1, 2, ..., N ; t = 1, 2, ..., T(15)
and the objective function
f(X) =
T∑
t=1
N∑
i=1
{cp.fi(n∗ti , pti)}(16)
with equality constraints
hk(X) =
⎧⎨
⎩
∑N
i=1 p
t
i; 1 ≤ k ≤ N∑T
t=1 p
t
i; N + 1 ≤ k ≤ N + T
(17)
ek =
⎧⎨
⎩
dt; 1 ≤ k ≤ N
T.mi; N + 1 ≤ k ≤ N + T
(18)
and unequality constraints
gj(X) = p
t
i − pmini (n∗ti ); j = {i× t}(19)
bj = p
max
i (n
∗t
i )− pmini (n∗ti ); j = {i× t}(20)
with the lagrangean multipliers (Dual Variables )
uk =
⎧⎨
⎩
∑T
t=1 λt; 1 ≤ k ≤ T∑N
i=1 μi; T + 1 ≤ k ≤ N + T
(21)
The following lagrangean function can be obtained
L(X,u) = L(p, μ, λ)(22)
f(X) +
m∑
k=1
ukek −
m∑
k=1
ukhk(X)(23)
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which can be written as
∑T
t=1
∑N
i=1
{
cp.fi(n
∗t
i , p
t
i)
}
+
∑T
t=1 λtd
t −∑Tt=1
∑N
i=1 λtp
t
i+
+
∑N
i=1 μtmi.T −
∑T
t=1
∑N
i=1 μip
t
i
(24)
Which results in
f(X) +
m∑
k=1
uk(ek − hk(X))(25)
and
T∑
t=1
N∑
i=1
{
cp.fi(n
∗t
i , p
t
i)
}
+
T∑
t=1
λt(d
t −
N∑
t=1
pti) +
N∑
i=1
μt(mi.T −
T∑
t=1
pti)(26)
then the Dual Function is deﬁned as
minXL(X,u) = minptiL(p, μ, λ)
s.t. s.t.
gj(X) ≤ bj , j = 1, 2, ..., p pmini (n∗ti ) ≤ pti ≤ pmaxi (n∗ti ); ∀i, t
(27)
Finally the solution to the problem (11) to (14) can be obtained solving the
following Dual problem:
max Θ(u) = max h(μ, λ)
s.t. s.t.
u ∈ Rm λ ∈ RT , μ ∈ RN
(28)
The solution of the problem, as it was mentioned before, can be achieved through
a hierarchical calculation structure with two levels, according to [1]. In the upper
lever (coordinator or master program) the values of the lagrangean multipliers are
determined and in the lower level the primal sub-problems are solved, one for each
power plant and for each time interval, according to lagrangean multipliers set by
the coordinator.
Blocks p(i, t) in Fig. 2, represent the solution to primal sub-problems connected
to power plant i during the time interval t. On this level N × T sub-problems are
solved and on the upper level in the coordinator the values of μ and λ are determined
to solve the Dual problem.
3.2 Sequential Solution of the Problem
The solution of the optimization problem can be obtained through the heuristic
method mentioned before in the previous section, alternating dynamic programming
for Sub-Problem CU and Lagrangean Relaxation for sub-problem CG, until the best
solution is obtained using the algorithm described in Fig. 3.
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Coordinator
Fig. 2. General Diagram of the solution of sub-problem CG [1].
Start
Solve sub-problem CU (Using Dynamic Programming)
While there is an alteration in the last conﬁguration of the generating units do
Calculate sub-problem CG (Using Lagrangean Relaxation)
Calculate Lagrange multipliers (λ, μ)
For t=1 to T do
Solve equation (27)
Calculate errors (Demand constraints and target power errors)
Optimization Test (Power generation and demand response errors)
If no solution is found, Calculate sub-problem CG again
End sub-problem CG.
Fig. 3. Algorithm of Sequential Solution.
4 Parallel Lagrangean Relaxation
4.1 Parallel Approach
As it can be observed in Fig. 2, for a speciﬁc situation, to ﬁnd the optimal commit-
ment of the generating units in a hydroelectric system is preferable to implement a
parallel method, since there are calculations that can be carried out concurrently. A
hydroelectric system to optimize consists of a great number of power plants and for
the problem at issue, diﬀerent horizons can be established: a short term, a medium
term and long term one, which implies a great amount of calculations. The short
term programming involves a daily discretization, the medium term one involves
a week and the long term a year; nevertheless if a daily program is required dis-
cretization should be per hour, which allows for a supervision of the system in real
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time [1].
The planning and discretization horizons obviously deﬁne the size of the problem
to be dealt with, since the larger the planning and discretization horizons the larger
the amount of data and the larger the dimension of the problem. In [11] a parallel
environment is used to deal with the problem in question and it was considered as a
motivation to approach the parallelization of the Heuristic method discussed in this
paper. However unlike what was presented in the aforementioned proposal here the
parallelization implemented is the Lagrangean Relaxation in terms of sub-problem
CG to solve which a Master-Slave model is implemented on a cluster of work station
linked by a network.
4.2 Algorithms
The algorithms used in this work for the master processor and for the slave pro-
cessors are presented in the following diagrams, they have been written based upon
main communication guidelines of the library MPITB responsible for relaying mes-
sages [21], implemented through Octave programming language [22].
MASTER Process:
Start the slave processes (MPI Init())
Solve sub-problem CU (Using Dynamic Programming)
While there is an alteration in the last conﬁguration of the generating units
do
Calculate sub-problem CG
Calculate Lagrange Multipliers (λ ,μ)
For k = 1 to (K − 1) do
Send (switch open) to all slave processes (MPI Send( ))
Send (λ,μ) to all slave processes (MPI Send( ))
For k = 1 to (K - 1) do
Receive pti from all the slaves (MPI Recv( ))
Calculate errors (Demand and Power Target constraint errors)
Optimization Test (Generation Commitment and demand response
errors)
If no solution were found, return to Calculate sub-problem CG
End sub-problem CG
Calculate sub-problema CU (New conﬁgurations for Generating Units
are obtained)
For k = 1 to (K − 1)
Send (switch close) to all active slave processes (MPI Send( ))
End (MPI Finalize)
Fig. 4. Algorithm of Master process.
In the algorithm presented in Fig. 4, the Master processor sends data (μ, λ) to
the (K − 1) processors, K corresponds to the total number of available processors.
The Master processor sends commands to start and ﬁnish generation calculation;
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while it waitf for the pti of the slave processors.
SLAVE Process:
Initializes necessary values for calculation
Processes task division according to the number of processors available
(Initial and Final Time)
Receives switch from master (MPI Recv( ))
While switch remains open do
Receive (λ, μ) from master (MPI Recv( ))
For initial time to ﬁnal time do
Calculate equation (27)
Send ptito master process (MPI Send( ))
Receive switch from master (MPI Recv( ))
End
Fig. 5. Algorithm of the Slave process.
As it can be observed in Figures 4 and 5, master and slave processes solve the
sub-problem of Generation Commitment in a certain time interval, allocating a
fraction of time to each slave, subject to the programming horizon established.
5 Experimental Results
5.1 Computational Enviroment
The algorithms in Fig. 4 and 5 were encoded using Octave programming language
[22], and the instructions from the MPITB library (MPI ToolBox) [21], on a Peli-
canHPC architecture [24], that is to say a cluster of workstations, composed by per-
sonal computers. The before mentioned cluster consists of 10 identical computers
with 2.2 GHz Opteron AMD processors and 1GByte RAM memory, interconnected
through a 100 Mbps Ethernet network and totally isolated from other networks.
One of the machines was selected as the Master processor and the others as Slaves.
5.2 Results
The performance of the parallelization was veriﬁed carrying out a series of exe-
cution tests, using as a sample problem the generation commitment on a daily
programming horizon of 78 power plants in the Brazilian hydroelectric system. The
discretization used was the hourly. As a measure of performance in the parallel
context the SpeedUp (Sp), was used, this is deﬁned as:
Sp =
ts
tp
(29)
where ts corresponds to time (in seconds) which requires the program to be
executed in a sequence and tp to the time required for executing the program on p
processors.
In Fig. 6(a), can be observe that using the parallelization method proposed for
solving the Generation Commitment problem, speciﬁcally from the moment when
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Fig. 6. (a)Speedup (b)Execution time
3 processors are in use, an earning in term of time is experienced, if compared to
the solution of the same problem with just one processor. This trend is permanent
and it more signiﬁcant when 5 or more processors are in use. In Fig. 6(b), what
was mentioned before can be conﬁrmed by checking the decreasing tendency for
execution time when several processors are in use.
Comparatively, when solving the optimization problem sequentially, much more
time is used if compared to the parallelization method presented in this proposal,
since it is possible to obtain earnings of up to 4 times in terms of time considering
the sample problem and the experimental platform used.
6 Conclusions
The optimization problem of the optimal commitment of generating units of a Hy-
droelectric System, can be solved using a heuristic methodology which combines
Lagrangean Relaxation and Dynamic Programming, and this can also be imple-
mented in a parallel environment as it was presented in this work aiming at reduc-
ing execution time, in agreement with the principle of real time control. In fact
the growing tendency presented by SpeedUp, as well as the decreasing tendency of
execution time for the solving of the problem encourages the design of other parallel
algorithms, may be more eﬃcient than the ones presented in this paper.
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